The complex reflection coefficients R, (,) of a film-substrate system for the parallel (v = p) and perpendicular (v s) polarizations are examined in detail as functions of the angle of incidence 0(0 0 S 900) and the reduced normalized film thickness t(O S P < 1). For definiteness, the reflection of light of wavelength = 0.6328 m by the air-SiO 2 -Si system is assumed. Families of circles that represent the constant-angle-ofincidence contours, their envelopes, and the associated constant-thickness contours of R, and Rs are all presented in the complex plane. Furthermore, the amplitude-reflectance and phase-shift functions, JR, (0,~) and argR, (O,), are plotted vs twith o constantand vs o with rconstant. Itisshown thatRp orR, can assume the same complex value at two different angles of incidence (i.e., the film-substrate system can have identical reflection characteristics for a given polarization at two angles) for certain ranges of film thickness. The distinct case of internal reflection is represented by a separate example.
Introduction
The complex amplitude-reflection coefficients Rp and Rs for light polarized parallel p and perpendicular s to the plane of incidence, reflected from an optically isotropic film-substrate system, are studied as functions of the angle of incidence and film thickness d. The ratio of these coefficients p = R/Rs (the so-called ellipsometric function) has been subjected to detailed analysis before, 1 ' 2 and an entire book 3 is devoted to it for the SiO 2 -Si film-substrate system at different wavelengths. By comparison, the individual reflection coefficients have received only limited attention previously (see, e.g., Refs. [4] [5] [6] .
The film-substrate system under consideration is shown in Fig. 1 . Media 0, 1, and 2 represent the ambient, film, and substrate, respectively, and are assumed to be all homogeneous and optically isotropic. The film has parallel plane boundaries and is of thickness d. The ambient and substrate are considered to be of semiinfinite extent. A plane wave of light that is linearly polarized parallel p or perpendicular s to the plane of incidence is incident at an angle . The associated complex amplitude-reflection coefficients are given by 7 [assuming the exp(jcot) time dependence and the Nebraska (Muller) conventions] roiV + r 2 vX R = ror 2 ,X = ps, 1 + rvlxM X = exp(j27rt).
(1) (2) rij, is Fresnel's complex reflection coefficient of the ij interface for the v polarization, and
is the normalized film thickness, where
is the angle-of-incidence-dependent film-thickness period of the periodic reflection coefficients as functions of d. X is the free-space wavelength of light, No and N 1 are the real refractive indices of the ambient and film media which are presumed to be nonabsorbing. rl2,, the reflection coefficient of the film-substrate interface, is evaluated at an angle of incidence in the film q', which is related to by Snell's law: For transparent films (as we assume) function of with period 1:
where m is any integer. The range given by Eq. (7b) is called the reduced thickness range. In the following we will consider (and plot) the complex-plane trajectories of R, as one of its arguments is held fixed and the other is allowed to vary. The family of curves obtained by holding 0 constant to set values is called the constant-angle-of-incidence contours (CAIC), while those obtained by holding t constant are called the constant-thickness contours (CTC).
Besides examining the behavior of the reflection coefficients in the complex plane, we also consider the associated physically significant real functions
that represent the amplitude reflectance and reflection phase shift for the v polarization, respectively. Families of curves are plotted that illustrate the variation of these real quantities as functions of each argument with the other held constant. For definiteness, we take the important SiO 2 -Si film-substrate system at the He-Ne laser wavelength X = 0.6328 Arm as an example and assume that the ambient is air or vacuum. We have repeated this work for the A1 2 0 3 -Al and MgF 2 -glass systems at the same wavelength to represent the cases of transparent films on metallic and dielectric substrates, respectively; however, these results are not included here.
In a separate section (Sec. III) we consider the distinctly different situation of internal reflection by a Ge-ThF 4 -air system at the C0 2 -laser wavelength X = 10.6 gm as an example.
An interesting conclusion from this investigation is that a film-substrate system can have the same complex reflection coefficient for either the p or s polarization at two different angles of incidence. As discussed in Sec. IV, this is possible only for certain ranges of film thickness. Am. In the following the parallel and perpendicular polarizations are treated separately.
A. Parallel Polarization
For a transparent film, the CAICs can be readily proved to be a family of circles. If we return to Eq. (1), we note that R, is related to X by a bilinear transformation 8 whose coefficients are determined by rij,.
When q5 is assigned a fixed value, rij, become constants. 
which is a circle centered on the origin, so that IRp I is a constant independent of g, This is represented by the be generated by the air-SiO2-Si system at X = 0.6328 Aim as the film thickness and angle of incidence are allowed to take all possible values. The area of the complex plane between the closed contour of Fig. 4 and the unit circle represents Rp values that cannot be generated by this specific system at this particular wavelength.
Now we turn our attention to the CTCs. Figure appears to begin at the origin, and the associated thickness (289.36 nm) is indeed very nearly that which is required to suppress the p polarizations (d = 289.17 nm). a transparent film on a transparent substrate and is very nearly so for the present SiO 2 -Si system. dp = 289.17 nm, 4pB reappears and increases from 0 to 4p = 75.44°. dp and 4p are the polarizing film thickness and angle of incidence, respectively. is no circle with the origin as center, as the Abeles condition is known to be unique to the p polarization alone. .600 1.000 (d) give the corresponding 3s vs 0 curves. In Fig. 13(a) it is interesting to note that a minimum of R, at For brevity we limit ourselves to the characteristic CAICs and CTCs.
A. Partial Reflection at 0 < 4, Figure 14 shows CAICs of Rp at selected angles 4 < = 14.48°. As 0 is increased from 0 to a certain angle 00, the radius of the = constant circle shrinks monotonically from that of the = 0 circle to 0. This is represented by a distinct family of circles that lie within the = 0 circle. 00 that leads to a null circle of R is determined by which is equal to 11.650 for the Ge-ThF 4 -air system under consideration. Incidence at 0 = 4o leads to incidence of light on the film-substrate (ThF 4 -air) interface at its Brewster angle, so that the net reflection coefficient Rp becomes independent of film thickness' 3 and is equal to Rp = ro 2 p = -0.413.
As increases beyond o and tends to 4),, the circle of Rp expands, and its radius increases from 0 and tends to 1 (Fig. 14) . and Rol, are the Ge-air and Ge-ThF 4 interface reflection coefficients, respectively. 
IV. Can a Film-Substrate System Have Identical Complex p-or s-Reflection Coefficients at Two Different Angles of Incidence?
The answer to the title of this section is yes. This interesting characteristic, which, to our knowledge, has not been recognized before, is evident from Fig. 11(a) . Specifically, it follows from the fact that the CTC of R, for m = 17 (d = 184.21 nm) makes a loop. The point where the CTC intersects itself represents one and the same complex reflection coefficient for the s polarization at two different angles of incidence. Recall that this is the air-SiO 2 -Si system at X = 0.6328 m. This property of complex R repeating itself at two angles of incidence is possible over a narrow interval of the reduced thickness range that includes d = 184.21 nm.
This may be expected from Fig. 11(a) as the CTC should continue to make a loop for thickness values close to and on both sides of that which corresponds to m = 17.
Notice, however, that the CTCs for m = 16 and m = 18 do not show loops, so that the thickness interval is less than -20 nm.
It is reasonable to inquire whether this property of self-intersection of the CTC extends to the parallel polarization. Reference to Fig. 6 may lead us to believe that this is not so, because no CTC in that figure appears substrate at the Brewster angle of the ambient-film interface. We have also found that a film-substrate system can have the same complex reflection coefficient for the p or s polarization at two angles of incidence for certain ranges of film thickness. Useful applications of this interesting property remain to be seen.
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V. Summary
The behavior of the complex reflection coefficients Rp and R, of a film-substrate system for the p and s polarizations has been analyzed in more detail than heretofore attempted. Extensive results are presented graphically for the reflection of (He-Ne laser) light of wavelength X = 0.6328 jm by the air-SiO 2 -Si system.
Internal reflection of (C0 2 -laser) 10.6-jim radiation by the Ge-ThF 4 -air system is also considered.
Besides providing a better understanding of the reflection characteristics of polarized light by a filmsubstrate system, the analysis of this paper leads to some new results. In particular, it reveals the behavior of the pseudo-Brewster angle 4pB of a film-substrate system as a function of film thickness and indicates that the maximum possible value of the minimum parallel reflectance at 4)pB is equal to the reflectance of the 
